Density-functional theory (DFT) is applied to investigate the structural and thermodynamic properties of concentrated electrolyte and neutral component mixtures that are highly asymmetric in terms of both size and charge mimicking a crowded cellular environment. The excess Helmholtz energy functional is derived from a modified fundamental measure theory for the hard-sphere repulsion and a quadratic functional Taylor expansion for the electrostatic interactions. The direct correlation functions are obtained from the analytical solutions of the mean-spherical approximation. In the context of a primitive model where biomacromolecules are represented by neutral or charged hard spheres and the solvent is represented by a continuous dielectric medium, this DFT is able to take into account both the excluded-volume effects and the long-ranged electrostatic interactions quantitatively. The performance of the theoretical method has been tested with Monte Carlo simulation results from this work and from the literature for the pair correlation functions, excess internal energies, and osmotic coefficients for a wide variety of aqueous dispersions of charged and neutral particles.
I. INTRODUCTION
There has been growing interest in recent years to study the structural and thermodynamic properties of macroion dispersions in the presence of neutral species. Such systems provide a primitive model for a crowded cellular environment that contains numerous biomacromolecules and cellular polymers [1, 2] . The so-called "macromolecular crowding" affects many aspects of cellular functions and biomacromolecular properties including protein stability, association, enzymatic activity, and diffusion. For instance, biomacromolecules at a high concentration play an important role in many diseases, including cataract in eye lens, sickle cell anemia, and so forth that are caused by the condensation of proteins [3] . Dispersions of macroions and neutral species are also relevant to traditional applications such as in the selective precipitation or purification of proteins by addition of neutral polymers [4] .
In a primitive model where biomacromolecules are represented by charged and neutral species, the properties of macromolecular crowding are primarily determined by the excluded-volume effects and the long-ranged Coulomb interactions. A wide variety of theoretical and simulation techniques, including the symmetric Poisson-Boltzmann (SPB) equation, modified Poisson-Boltzmann (MPB) equation, and the hypernetted chain (HNC) approximation, have been used to investigate the structural and thermodynamic properties of macromolecular crowding systems within the primitive model [5] [6] [7] [8] [9] . Among these theories, HNC performs better than Poisson-Boltzmann (PB) type approaches but it has convergence problems for strongly asymmetric systems [6] .
Density-functional theory (DFT) represents a powerful alternative to the Poisson-Boltzmann equation and integralequation theories with even higher accuracy, more convenience for calculations and broader applications. A comprehensive comparison of DFT with various conventional theories for describing the structures and thermodynamics of electric double layers has been published earlier [10] . Very recently, Kinjo and Takad used DFT to study the effect of macromolecular crowding on the static and dynamic properties of protein folding and aggregation in a neutral solution environment [11, 12] . They concluded that the addition of a crowding agent will stabilize native proteins and enhance the aggregation of denatured proteins, in good agreement with experiments qualitatively. As in many other previous investigations on macromolecular crowding, this work is primarily concerned with the excluded-volume effects; all other intermolecular interactions are neglected. In the present work, we propose a quantitative densityfunctional theory that accounts for both excluded volume and electrostatic interactions. This theory is expected to be more useful than the hard-sphere model for predicting the structural and thermodynamic properties of macromolecular crowding. The excess free-energy functional due to the shortranged repulsion is evaluated through a modified fundamental measure theory (MFMT) that has been proved to be very accurate for hard-sphere fluids [13] [14] [15] . The electrical contribution is calculated using a quadratic functional Taylor expansion of the Helmholtz energy functional [10] . The theoretical predictions are tested with extensive computer simulation data for the corresponding model systems.
The present density-functional theory has a number of advantages in comparison with the conventional approaches. First, it utilizes an accurate free-energy functional for hard spheres, which is important for macromolecular crowding where the excluded volume effects are significant. Although the quadratic density-functional expansion is essentially equivalent to HNC, such expansion applies only to the electrostatic part in the present version of density-functional theory, but to both hard-sphere and electrostatic interactions in HNC. In addition, the extension of the DFT approach to include other forms of intermolecular potentials such as dispersion, association, and polymeric molecules is relatively straightforward. Such extension is less obvious in more traditional theories. However, inclusions of nonprimitive interactions are expected to be important for a refined theory of macromolecular crowding. Although DFT has its own limitations at low electrolyte concentrations (inherited from the direct correlation function) and for systems with strong electrostatic interactions, it provides accurate thermodynamic properties at least as good as HNC and much better than SPB and MPB. From a methodological point of view, this work represents the first application of the residual direct correlation function (DCF) from the mean-spherical approximation (MSA) to highly asymmetric electrolyte solutions.
The remainder of this paper is organized as follows. We first introduce the basic formulism of the DFT for asymmetric electrolytes. Then it follows the application of DFT to dispersions of neutral species and macroions in electrolyte solutions. Specifically, we consider systems with the size ratio of macroions, counterions and neutral particles equal to 10:1:4 ͑4 nm/ 0.4 nm/ 1.6 nm͒, and the valence ratio between macroions and counterions ranging from 6:1 to 15:3. Apart from the structural properties as represented by the pair correlation functions, we have also investigated the performance of the DFT in comparison with that of HNC, SPB, and MPB for predicting the excess internal energies and osmotic coefficients of dispersions with different concentrations of neutral species and electrolytes as well as at different valences of macroions and counterions.
II. DENSITY-FUNCTIONAL THEORY
We consider model macromolecular crowding systems consisting of spherical macroions and neutral particles dispersed in an electrolyte solution. The macroions and neutral species provide a coarse-grained representation of biomacromolecules in a cellular environment. As in the primitive model of electrolyte solutions, the macroions and small ions are represented by charged hard spheres and the solvent is modeled as a continuous dielectric medium. The pair potential u ij ͑r͒ between two species i and j is given by
where e is the electron charge, Z i and i are the valence and diameter of particle i, respectively, ij = ͑ i + j ͒ / 2, and r is the center-to-center distance between the particles. For a neutral particle, the valence is zero and the pair potential is reduced to that for two hard spheres. In Eq.
(1), =4 0 r stands for the dielectric constant of the solvent with 0 being the vacuum permittivity and r being the solvent relative permittivity. We use r = 78.4 in all our calculations, corresponding to that for pure water at 298.15 K. As in most previous investigations of macroion systems, we neglect the dielectric discontinuity at the macroion surface. Recently, the effect of image charges for spherical colloids has been thoroughly discussed by Messina [16] .
The central task of a density-functional theory is to derive an analytical expression for the grand potential of an open system as a functional of the density profiles. In general, the grand potential is related to the intrinsic Helmholtz energy functional F͓͕ i ͑r͖͔͒ via the Legendre transformation
where ͕ i ͑r͖͒ is a set of density profiles for all species, N is the number of components, i is the chemical potential, and V i ͑r͒ is the external potential. For a uniform system as considered in this work, the external potential V i ͑r͒ can be introduced by fixing a particle in the origin. In that case, the density profiles divided by the average densities correspond to the pair distribution functions around the fixed particle.
For a mixture of charged and neutral particles, the intrinsic Helmholtz energy functional F can be decomposed into four parts, i.e., [17] [18] [19] [20] ,
where F id ͓͕ i ͑r͖͔͒ is the corresponding intrinsic Helmholtz energy for an ideal gas, F hs ex ͓͕ i ͑r͖͔͒ represents the contribution due to the hard-sphere repulsions, F C ex ͓͕ i ͑r͖͔͒ is the direct Coulomb energy, and F el ex ͓͕ i ͑r͖͔͒ represents correlations due to Coulomb and hard-sphere interactions. The ideal-gas term F id ͓͕ i ͑r͖͔͒ is known exactly,
where denotes the thermal wavelength and ␤ =1/k B T, with k B being the Boltzmann constant and T being the absolute temperature. The direct Coulomb term F C ex ͓͕ i ͑r͖͔͒ is given by
The intrinsic Helmholtz energy functional due to the hardsphere repulsions F hs ex ͓͕ i ͑r͖͔͒ is represented by a modification of Rosenfeld's fundamental measure theory [21, 22] ,
where the reduced excess Helmholtz energy density ⌽ hs is given by
The detailed expressions for the weighted densities, n ␣ ͑r͒, ␣ =0,1,2,3,V1,V2, can be found in our previous publications or in Rosenfeld's original work [14, 15, 23] . In the bulk limit, the two vector weighted densities n V1 and n V2 vanish and the Helmholtz free-energy density ⌽ hs becomes identical to that from the Boublik-Mansoori-Carnahan-StarlingLeland (BMCSL) equation of state [24, 25] .
To obtain an expression for the residual Helmholtz freeenergy functional F el ex ͓͕ i ͑r͖͔͒ due to the electrostatic interactions and intermolecular correlations, we make a quadratic functional Taylor expansion around the bulk densities ͕ i b ͖ by neglecting all higher-order terms
where the DCFs are defined as
The first term on the left-hand side of Eq. (8) corresponds to the electrostatic part of the excess Helmholtz energy for a uniform fluid and the third term takes into account correlations among ion distributions. Because the direct Coulomb term is explicitly taken into account in Eq. (5), the two-body excess direct correlation function is given by
In this work, ⌬C ij ͑2͒el ͑r͒ is calculated from the analytical expressions derived from the MSA [26] . The expressions for the two-body direction correlation functions of electrolyte solutions from MSA are reproduced in the appendix.
The pair correlation functions (PCF) in a uniform highly asymmetric mixture can be calculated using the Percus' testparticle method. The idea is that the system is invariant when a particle is fixed at the origin; the pair correlation functions are equivalent to the reduced density profiles of other species around the fixed particle. As the grand potential ⍀͓͕ i ͑r͖͔͒ reaches a minimum at equilibrium, the pair correlation function g ij ͑r͒ satisfies the Euler-Lagrange equation
where i ͑r͒ stands for the mean-electrostatic potential. In the spherical coordinates, the mean-electrostatic potential can be expressed as
where r is the distance to the center of the fixed particle. From the condition of electrostatic neutrality, we have
where Z j and i are the valence and diameter of the fixed particle, respectively. Equation (12) can be solved selfconsistently using the Picard iteration. Once we have the pair correlation functions, all thermodynamic properties of the system can be calculated following the standard statisticalmechanical equations.
III. MONTE CARLO SIMULATIONS
Besides the simulation data from the literature [6] , NVT-ensemble Monte Carlo simulations are also carried out in this work to test the performance of the DFT for systems containing 15:n ͑n =1/2/3͒ electrolyte-neutral component mixtures and 6:1 pure electrolyte. For 15:n systems, the cubic simulation box contains 20 macroions, 300/ 150/ 100 neutralizing counterions depending on the valence, and 3000 neutral particles. The corresponding concentrations of electrolyte and neutral component are C e = 0.002M and C 0 = 0.3M, respectively. The periodical boundary conditions are applied to each dimension of the simulation box and the Ewald sum method is used to account for the long-ranged Coulomb interactions [27] . The system is claimed at equilibrium after 10 5 Monte Carlo steps per particle and another 2 ϫ 10 5 configurations are used to calculate the ensemble averages.
IV. RESULTS AND DISCUSSION

A. Microscopic structure
The systems considered in this work consist of an electrolyte and a neutral species that are highly asymmetric in both size and valence. The diameters of cations, anions, and neutral particles are 4, 0.4, and 1.6 nm, respectively. These systems provide a primitive model for the so-called "macromolecular crowding" environment. We first test the performance of DFT for predicting the microscopic structures of such mixtures. The subscripts "ϩϩ," "ϪϪ," "ϩϪ," "0+," "0−" and "00" designate macroion-macroion, counterioncounterion, macroion-counterion, neutral-macroion, neutralcounterion, and neutral-neutral pair correlation functions, respectively. The Monte Carlo simulation data are from either Ref. [6] or this work. Figure 1 shows the DFT predictions for solutions of 6:1 electrolyte without or with a neutral component. Here the molar concentration of the electrolyte is C e = 0.002M and that for the neutral species is C 0 = 0.1M, corresponding to a packing (volume) fraction of 0 = 0.129. In general, the theoretical predictions are in very good agreement with simulation results. The correlations between like-or unlike-charged ions are similar to those in a simple electrolyte solution. In accor-dance with the prediction of the Poisson-Boltzmann equations, the density profiles of macroions and microions around a fixed ion are monotonic, with a significant accumulation of counterions accompanied by a depletion of coions. The presence of the neutral component attenuates the correlations between like-charged ions but strengthens those between unlike-charged ions. Because of the excluded-volume effects, macroions, counterions, and neutral particles all accumulate to the neutral particle surface and the degree of accumulation is directly related to the particle size. Figure 2 presents the effects of counterion valence on the pair correlation functions at a fixed macroion charge ͑+6͒. Here the concentrations of electrolyte and neutral component remain at C e = 0.002M and C 0 = 0.1M and the counterion valence can be monovalent, divalent, and trivalent. As the counterion valence increases, the accumulation of counterions near the macroion surface becomes more evident, accompanied by a stronger repulsion between counterions. However, the long-range correlation between macroions diminishes with the increase in the counterion valence, indicating a stronger screening of the macroions by counterions. The DFT faithfully reproduces the MC results when the system contains monovalent counterions. For systems containing multivalent counterions (6:2 and 6:3), however, the accuracy of DFT deteriorates. In particular, it underestimates the contact values of the macroion-macroion pair distribution functions. At the small separation of macroions, the correlation is probably also sensitive to the macroion-counterionmacroion three-body interaction that is ignored in the quadratic expansion.
Next, we consider a more complicated situation that involves macroions of higher valence ͑+15͒. The counterion valence is also changed from monovalent to trivalent. The concentrations of electrolyte and neutral component are at C e = 0.002M and C 0 = 0.3M respectively. Under these concentrations, the total packing fraction reaches 0.43, very close to [6] . As in Fig. 1 , the curves for 6:2 and 6:3 have been consecutively shifted upward by one unit. the solidification of the mixture. Figures 3 and 4 show all the pair correlation functions at different valences of counterions. In Fig. 3 , we observed that, as in Fig. 2 , the depletion between counterions and the accumulation between unlikecharged ions become stronger, but the correlation between macroions is weakened with the increase of the counterion valence. Figure 4 indicates that the change of counterion valence has only minor influence on the distributions of macroions, counterions, and neutral particles near the surface of a fixed neutral particle. The DFT agrees with MC fairly well for predicting the macroion-counterion, macroion-neutral, counterion-neutral, and neutral-neutral distributions under all the three conditions. But for stronger electrostatic interactions, i.e., in 15:2 and 15:3 solutions, the DFT fails for the macroion-macroion and counterion-counterion correlation functions. In addition to a significant underestimation of the contact values of the macroion-macroion distributions as shown in Fig. 2 , the DFT erroneously predicts a discontinuity of the counterion-counterion distributions. This discontinuity is probably related to the inaccuracy of the DCFs from MSA, in particular, at low concentrations of electrolytes.
B. Thermodynamic properties
With the pair correlation functions presented above, it is relatively straightforward to calculate the thermodynamic properties of highly asymmetric electrolyte-neutral species mixtures. The reduced excess internal energy per particle is given by [28] 
where N t is the total number of all particles, t is the total number density in the bulk, and x i represents the molar faction of particle i. The osmotic coefficient can be obtained via the virial pressure equation
͑16͒ Tables I and II MC simulation, DFT, HNC, SPB, and MPB. Here the MC, HNC, MPB, and SPB results are from Ref. [6] . To evaluate the overall performance of various theories, we calculate the average deviation for all systems shown in Tables I and II
where TH and MC are the values predicted by the theory and MC simulation, respectively, and N is the total number of systems investigated. The average deviation for the excess internal energies predicted by DFT is slightly higher than those from HNC but much lower than those from PB equations. For osmotic coefficients, the DFT is the best among the four theories and the predicted results agree very well with simulations. When the electrolyte concentration reaches 0.01 M, the performances of HNC, SPB, and MPB significantly deteriorate but the DFT remains highly accurate.
From these two tables, we may make the following conclusions. First, the addition of neutral species increases both the excess internal energy and the osmotic coefficient. Second, an increase in the electrolyte concentration will reduce the excess internal energy but raise the osmotic coefficient. Third, both the excess internal energy and osmotic coefficient decline with the increase of the macroion valence. Finally, for pure electrolytes the osmotic coefficient falls as the counterion valence increases, but the opposite is true for electrolyte-neutral component mixtures, and the excess internal energy always falls with increasing counterion valence.
In Table III , we compare the excess internal energies and osmotic coefficients from Monte Carlo simulations and from DFT for 15:n ͑n =1,2,3͒ electrolyte and neutral component mixtures corresponding to those shown in Figs. 3 and 4 . Although the DFT has some limitations in predicting the microscopic structures, it provides accurate thermodynamic properties because at low concentration of the electrolyte, the TABLE I. Reduced excess internal energy and osmotic coefficient calculated from MC, DFT, HNC, SPB, and MPB at a variety of solution conditions. MC, HNC, SPB, and MPB results are from Ref. [6] . thermodynamic properties become insensitive to the microscopic structures.
V. CONCLUSIONS
We have tested the performance of DFT for predicting the pair correlation functions, excess internal energies, and osmotic coefficients of macroion-neutral particle dispersions by extensive comparison with the Monte Carlo simulation results. Due to the limitation of MSA at very low electrolyte concentration and quadratic expansion, the DFT is unable to reproduce the macroion-macroion and counterion-counterion pair correlation functions faithfully for systems with strong electrostatic interactions. However, even under these circumstances, the DFT still captures all the other pair correlation functions and the thermodynamic properties successfully. The limitation of the DFT at low electrolyte concentration may be eliminated by using a more accurate direct correlation functions.
A theoretical investigation of the so-called "macromolecular crowding" requires many drastic approximations regarding both biomacromolecules and the solution conditions as encountered in a typical cellular environment. Although the primitive model discussed in this work may not completely reflect many aspects of real systems, it represents at least a significant step forward toward understanding macromolecular crowding beyond merely the excluded-volume considerations. In our previous works, we have demonstrated that, in principle, the DFT can be directly extended to include, chain connectivity [30] [31] [32] , intermolecular associations [33] , and van der Waals attractions quantatively [32, 34] . Because of its versatility to account for various intermolecular forces, the DFT approach appears promising for further theoretical study of macromolecular crowding under more realistic situations. 
